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We investigate the effect of series perturbation on the second order dipole-dipole interactions
between strontium atoms in 5sns(1S0) and 5snp(
1P1) Rydberg states as a means of engineering
long-range interactions between atoms in a way that gives an exceptional level of control over the
strength and the sign of the interaction by changing n. We utilize experimentally available data to
estimate the importance of perturber states at low n, and find that van der Waals interaction between
two strontium atoms in the 5snp(1P1) states shows strong peaks outside the usual hydrogenic n
11
scaling. We identify this to be the result of the perturbation of 5snd(1D2) intermediate states by
the 4d2(1D2) and 4dn
′s(1D2) states in the n < 20 range. This demonstrates that divalent atoms in
general present a unique advantage for creating substantially stronger or weaker interaction strengths
than those can be achieved using alkali metal atoms due to their highly perturbed spectra that can
persist up to high-n.
PACS numbers: 32.80.Ee, 34.20.Cf, 37.10.Jk
I. INTRODUCTION
Long-range interactions between Rydberg (Ry) atoms
are useful in realizing conditional quantum dynamics,
enabling a number of applications in quantum informa-
tion processing (QIP) with neutral atoms [1–4]. Enabled
by strong interactions between Ry atoms, the Rydberg
blockade mechanism, which prohibits simultaneous ex-
citation of two nearby Ry atoms, has particularly ex-
panded the QIP toolbox. Applications of the Rydberg
blockade include quantum logic gates [4, 5], simulation
of exotic quantum many-body systems [6, 7], study of
strongly-correlated systems [8, 9], and multiparticle en-
tanglement generation [10]. Strong interactions between
Rydberg states also facilitated the realization of strongly
interacting individual photons paving the way for quan-
tum non-linear optics at the single photon level [11, 12].
Most of the practical applications of Rydberg blockade
have so far focused on alkali-metal atoms, i.e. atoms with
a single valence electron outside a closed-shell core. Mov-
ing to multivalent atoms offers new possibilities in engi-
neering quantum systems [13]. Divalent atoms, such as
group-II atoms (e.g., Mg, Ca, Sr) and group-II-like atoms
such as Yb, Hg, Cd, and Zn are the simplest examples of
multivalent atoms. Divalent atoms possess the advantage
of an extra valence electron, which provides easier trap-
ping with minimal loss and heating for Ry atoms trapped
in a tight optical lattice [14, 15]. This is greatly benefi-
cial as optical trapping is essential for QIP experiments
due to the long coherence times that can be achieved.
Coupled with mature experimental techniques for cool-
ing and trapping divalent atoms [16–19], better trapping
gives divalent atoms an edge over the alkali metal atoms
in QIP and cold Rydberg experiments.
The most important long-range interaction between
Ry atoms of the same parity is the second-order dipole-
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FIG. 1: (Color online) Illustration of series interaction where
two Rydberg series 2S+1L
(P )
J and
2S′+1L
′(P )
J with the same
total J and parity P converge to different ionization thresh-
olds E∞ and E′∞. If two states from these series happen to
be close in energy (states labeled E and E′), the Coulomb in-
teraction 1/r12 connecting these states can mix these states.
The mixing is most prominent when the energy difference ∆E
is small compared to the Coulomb interaction matrix element.
dipole (or the van der Waals) interaction. Usually the
van der Waals (vdW) interaction of alkali-metal atoms
scales as n11, n being the principal quantum number of
Ry states. Here we point out the substantial variations
in this scaling law for multivalent atoms. This feature
is unique for multivalent atoms as it caused by so-called
Ry series interaction. For example, highly-excited en-
ergy levels of divalent atoms can be described by the
electronic configuration n`nr`r. Then we may consider
two Ry series n1`1nr`r and n2`2n
′
r`
′
r (n1`1 and n2`2 are
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2fixed, while nr and n
′
r are varied scanning through the
series). Generally, such series exhibit the usual hydrogen-
like behavior of energy levels. However, at some values
of nr and n
′
r the energies of two series may come close
to being degenerate (see Fig. 1). For such cases if the
symmetries (the total angular momenta and parities) of
the two series are identical, neither of the states remains
a “good” eigenstate of the atomic Hamiltonian and the
levels are mixed by the off-diagonal Coulomb interaction
between configurations. This mechanism is well-known
in spectroscopy [20] and is referred to as the series inter-
action or series perturbation.
As we demonstrate below the series interaction leads
to substantial deviations from the n11 scaling law, with
Ry states of the same series exhibiting both relatively
small and large van der Waals interactions. The van
der Waals interaction which depends on the interatomic
separation R as C6/R
6 arises in the second-order in the
dipole-dipole interaction between two Ry atoms. As any
second-order contribution it is expressed as a sum over
intermediate states with the energy denominator. The
energy difference between the reference Ry+Ry states
and intermediate diatom state, entering the denomina-
tor, can deviate from the nominal behavior due to the
series interaction of the intermediate state with another
series of the same symmetry. Namely this mechanism of
intermediate state series perturbation is the cause of the
irregularities in the van der Waals interaction strength.
Such irregularities can be especially useful in asymmetric
Ry blockade [13] which require simultaneous presence of
both types of interaction strengths.
As a specific example we focus on Sr for its common use
in optical lattice clocks and due the existence of well es-
tablished experimental cooling and trapping techniques.
We evaluate C6 coefficients for interactions between a
pair of Sr atoms in 5sns(1S0) and 5snp(
1P1) states. We
show that the vdW interaction between two Sr atoms in
5snp(1P1) states display highly non-montonic behavior
in the low-n states (n . 20), which does not lend itself
to the smooth n11 scaling of the interaction strength. We
trace the origin of this behavior to unusualy small energy
denominators in the second-order energy expression re-
sulting from the strong variation in atomic energies due
to the series interaction. In particular, nP +nP → nD+
(n− 1)D channel contributes to the C6 coefficients with
small energy denominators due to the highly perturbed
nature of the 5snd(1D2) series in Sr. Researching the lit-
erature, we find that the 5snd(1D2) series is perturbed by
the 4d2(1De2), 5p
2
3/2(
1De2) and 4d6s(
1De2) states, which lie
below the ionization threshold of the 5snd(1De2) series at
45,932 cm−1 [21]. Particularly, the 4d6s(1De2) state per-
turbs states with n = 11 − 17, 5p2(1De2) perturbs states
with n = 5 − 6 and 4d2(1De2) state perturbs the state
with n = 12 in the 5snd(1De2) series. For the interaction
between two Sr atoms in 5sns(1S0) states, we do not see
this non-monotonic behavior in the n-range we consider.
The paper is organized as follows: in the following
section, we start with a brief description of the mech-
anism behind the series perturbation in divalent atoms
in Sec. II. Then in Sec. III, we derive our formalism and
describe the framework we work in. Results of our cal-
culations follows in Sec. IV for the C6 coefficients corre-
sponding to the 1S0+
1S0 and
1P1+
1P1 vdW interactions.
Here we discuss the effects of the perturber states on the
van der Waals interactions, which are pronounced for the
5snp(1P1) Rydberg states with n . 20. In Sec. V, we cal-
culate the angular dependence of the vdW interactions
in terms of the contributions from different intermediate
channels. Atomic units are used throughout this paper
unless specifically stated otherwise.
II. SERIES PERTURBATION IN DIVALENT
ATOMS
We start by presenting a more detailed account of the
series interaction mechanism and describe how it also re-
sults in second-order dipole-dipole interactions between
divalent atoms that can strongly deviate from those be-
tween monovalent atoms, such as alkali metal atoms.
Fig. 1 illustrates the basic physical picture. Two Rydberg
series identified with the terms 2S+1L
(P )
J and
2S+1L
(P )
J
have the same total angular momentum J and parity P .
These series converge to different limits labeled as E∞
and E′∞. Two levels E and E
′ in these series are very
close in energy, which can be quantified by comparing
the difference ∆E to the off-diagonal matrix element of
the Coulomb interaction evaluated between these states.
Because of the accidental near degeneracy, the two lev-
els repel each other, as long the corresponding matrix
elements do not vanish. This is the reason why the
two series must have the same J and P , as otherwise
the Coulomb integral would vanish. In other words the
character of the perturbing state (say E′) is now mixed
into the perturbed state E. Assuming that ∆E is small
enough, the Coulomb interaction shifts the total energy
of the state up or down depending on the sign of the
energy denominator. Typically, the Rydberg states ly-
ing above the perturbing state are shifted up in energy
whereas the states below the perturbing state are shifted
down [20].
The effect of series perturbation becomes more pro-
nounced in high angular momentum states. Because the
Rydberg electron is less influenced by the singly ionized
core in higher angular momentum states, such as 5sn`
states of Sr, these states are more hydrogenic in charac-
ter. This increases the possibility of running into per-
turber states with close lying energies because the ener-
gies of the higher l-states start to become independent
of l for a given n as in hydrogenic systems. This in-
creases the density of states in a given energy interval,
thereby increasing the number of states that are likely
to be perturbed by a single perturber. For example, al-
though the 5sns(1S0) series of Sr is essentially unper-
turbed above n = 10, the 5snd(1D2) series is substan-
tially perturbed [21]. This can be seen from Fig. 2,
3where we plot scaled energies En∗2 for the 5sns(1S0),
5snp(1P1) and 5snd(
1D2) series of Sr. For Ry series that
exhibit perfect hydrogenic energy scaling, En∗2 = −1/2
and the deviations from this value can be seen as a mea-
sure of how strongly the series is perturbed.
This feature of divalent atoms drastically affects the n-
scaling of the van der Waals interaction. For two identical
atoms in fixed magnetic sublevels, the expression for the
vdW interaction reads
δEvdW =
∑
j,k
|〈ψ(I)|〈ψ(II)|VDD|φj(I)〉|φk(II)〉|2
2Eψ − (Ej + Ek) . (1)
In this work, the target states |ψ(I, II)〉 are |5sns(1S0)〉
and |5snp(1P1)〉, where I and II refer to the two Sr atoms.
The intermediate states |φ〉 run through the |5sn′p(1P1)〉
states for the |5sns(1S0)〉 target states, and they run
through |5sn′s(1S0)〉, |5sn′d(1D2)〉 and (|5sn′s(1S0)〉 +
|5sn′d(1D2)〉)/
√
2 for the |5snp(1P1)〉 target states. The
dipole-dipole interaction VDD between two atoms (I and
II) separated by a distance R is given by
VDD = − 1
R3
∑
µ
w(1)µ D
(1)
µ (I)D
(1)
−µ(II) , (2)
where w
(1)
µ = 1+δµ,0 and the dipole operators are defined
through their components as
D(1)µ = −|e|
∑
k
rkC
(1)
µ (rˆk) . (3)
Here C
(L)
µ (rˆ) =
√
4pi/(2L+ 1)Y
(L)
µ (rˆ) are the normalized
spherical harmonics where L runs over atomic electrons
when the quantization axis is along the internuclear axis.
The expression (1) sensitively depends on energy de-
nominators, thereby accidental near-degeneracies be-
tween target and the intermediate states can result in
strong deviations from the hydrogenic scaling behavior
of the long-range interaction strengths. We observe such
effect in the van der Waals interactions between two
5snp(1P1) Rydberg states of Sr, as this interaction has
5snp(1P1) + 5snp(
1P1) → 5sn′d(1D2) + 5sn′d(1D2) as
an intermediate channel where the 5snd(1D2) states are
highly perturbed below n ' 20.
To highlight the effect of series perturbation in the
most clear fashion, we evaluate the vdW coefficients C6
for a non-degenerate manifold of magnetic substates.
Zeeman degeneracy can be lifted by an application of
external B-field and working with atoms trapped in a
pancake-shaped cloud, so that the interactions occur in
the pancake plane (internuclear axes for all diatoms lie
in that plane). This trapping geometry is ubiquitous
in practical realizations of optical lattice clocks [22–24]
which are commonly carried out in 1D optical lattices.
An external magnetic field B is applied along the lattice
axis, making the quantization axis orthogonal to R, the
internuclear separation. For a sufficiently strong mag-
netic field, we may neglect the vdW-induced mixing of
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FIG. 2: (Color online) Scaled energies En∗2 for the 5sns(1S0),
5snp(1P1) and 5snd(
1D2) series of Sr. It is clear that for
higher J the energies fluctuate more and the deviation from
the hydrogenic value -0.5 a.u. is more pronounced.
magnetic sublevels and focus on a single MB sublevel,
with MB being the projection of the atomic angular
momentum along the B-field. The quantization axis in
Eq. (1) is along the interatomic axis Rˆ. We rotate the
dipole operator VDD from Rˆ to the direction of the B-
field by rotating D
(1)
µ in Eq. (2) by angle θ with respect
to the pancake plane. Rotation by an angle θ can be
achieved by a set of rotations defined by the Euler angles
α = 0, β = θ and γ = 0. If we denote the rotation oper-
ator by Sˆ, the normalized spherical harmonics in Eq. (3)
transform as
C
(K)
MK
(Sˆrˆ) =
K∑
M=−K
C
(K)
M (rˆ)D
(K)
M,MK
(0, θ, 0) , (4)
where D(K)M,M ′(α, θ, γ) are the Wigner D-functions [25].
This results in the rotated dipole operator
D(1)µ (Sˆrˆ) = −
∑
j
rj
1∑
M=−1
C
(1)
M (rˆj)D
(1)
M,µ(0, θ, 0) . (5)
Notation Mx in the text denotes the specific case of
θ = pi/2 when the B-field is pointing along the laser prop-
agation axis. We perform our numerical calculations for
this case and then extend the analysis to an arbitrary
angle.
III. VAN DER WAALS INTERACTIONS
Now we focus on evaluating the second order dipole-
dipole (or the van der Waals) interaction between two
identical Rydberg atoms. Because it is second order in
the dipole-dipole interaction, vdW interaction scales as
41/R6 with inter-atomic separation and corresponds to the
−C6/R6 term in the conventional multipole expansion
of the long-range interactions. We are interested in the
interactions between two 5sns(1S0) and two 5snp(
1P1)
state atoms. When evaluating the interaction between
5snp(1P1,MB ) and 5snp(
1P1,M ′B ) states, we will only be
considering the stretched MB = 1 and M
′
B = 1 state. For
two spherically-symmetric 5sns(1S0) atoms the rotation
of quantization axis is irrelevant and MB = M ≡ 0.
Explicit derivation of the vdW interaction expressions
in the LS coupling is given in the Appendix. The vdW
interaction for two Sr atoms in 5sns(1S0) Rydberg states
can be expressed as
C6
(
5sns(1S0)(I) 5sns(
1S0)(II)
)
=
− 2
3
∑
n2,n
′
2
∣∣∣〈ns∣∣∣∣d∣∣∣∣n2p〉∣∣∣2 ∣∣∣〈ns∣∣∣∣d∣∣∣∣n′2p〉∣∣∣2
2Ens −
(
En2p + En′2p
) , (6)
where d are the atomic dipole moment opera-
tors. The n2p and n
′
2p states reflect the elec-
tronic configurations of the intermediate dimer states
|5sn2p(1P1)〉I|5sn′2p(1P1)〉II. Because we work in the LS
coupling scheme, the contributions from 3P1 intermediate
states are ignored because they contribute through spin-
changing transitions, which are forbidden in the non-
relativistic formalism and therefore are suppressed.
For the interaction between two 5snp(1P1) atoms in
the Mx = M
′
x = 1 magnetic substates,
C6
(
5snp(1P1,1x)(I) 5snp(
1P1,1x)(II)
)
=
1
36Sss +
181
3600Sdd +
11
72Ssd . (7)
The structure of this expression reflects two possi-
ble single-atom dipole excitation channels 5snp 1P1 →
5sn2s
1S0 and 5snp
1P1 → 5sn2d 1D2 with the reduced
sums S
Sss = −
∑
n2,n
′
2
∣∣∣〈np∣∣∣∣d(1)∣∣∣∣n2s〉∣∣∣2 ∣∣∣〈np∣∣∣∣d(1)∣∣∣∣n′2s〉∣∣∣2
2Enp −
(
En2s + En′2s
) ,
Sdd = −
∑
n2,n
′
2
∣∣∣〈np∣∣∣∣d(1)∣∣∣∣n2d〉∣∣∣2 ∣∣∣〈np∣∣∣∣d(1)∣∣∣∣n′2d〉∣∣∣2
2Enp −
(
En2d + En′2d
) ,
Ssd = −
∑
n2,n
′
2
∣∣∣〈np∣∣∣∣d(1)∣∣∣∣n2s〉∣∣∣2 ∣∣∣〈np∣∣∣∣d(1)∣∣∣∣n′2d〉∣∣∣2
2Enp −
(
En2s + En′2d
) .
While computing the one-electron reduced matrix ele-
ments of the dipole operator, we use the three-parameter
model potential of Ref. [26]:
Ul(r) = Be
−Cr − 1 + (Z − 1)e
−Ar
r
+
l(l + 1)
2r2
. (9)
In Ref. [26] the parameters of this model potential was
obtained by fitting its eigenspectrum to experimental
data [27, 28] to minimize the differences between numer-
ical and experimental energies for various terms such as
1S0,
1P1,
1D2. Such fit is not adequate for our goals, as
we need accurate energy denominators entering the sec-
ond order dipole-dipole expression. Rather than fitting
the energies from the model potential to experimental en-
ergies, we need to fit the energy denominators from the
model potential to the experimental energy denomina-
tors. The potential quoted in Ref. [26] yields differences
between the numerical and experimental energies that
are comparable to the experimental energy denomina-
tors. Therefore we have modified some of the parameters
in [26] to match the experimental energy denominators
at high-n (n & 30) and the new set of parameters are
listed in Table I. The parameters marked with asterisks
are those that are modified from the ones tabulated in
Ref. [26].
The eigenenergy spectrum of the model potential (9)
is smooth and it cannot reproduce the perturbed energy
levels. To take the perturbed nature of the Ry series into
account, we also evaluate the C6 coefficients using exper-
imental energies in the denominator of Eq. (6) and (7).
This gives us an upper limit for the fluctuations in C6
as we do not perform CI to determine our target and
intermediate states. In the next section, we proceed to
numerical evaluation of the vdW coefficients.
TABLE I: Parameters of the model potential (9) for the
Rydberg electron in the 5sns(1S0), 5snp(
1P1) and 5snd(
1D2)
states of strontium. Most of the parameters are from
Ref. [26], except the ones marked with asterisks, which
were determined in this work by minimizing the differences
between the experimental and the numerical values of energy
denominators in the second order 1S0+
1S0 (top) and
1P1+
1P1
(bottom) van der Waals interactions.
5sns(1S0) + 5sns(
1S0)
A B C
1S0 3.762 -6.33 1.07
1P1 2.84
∗ -1.86 1.10
1D2 2.78 -9.06 2.31
5snp(1P1) + 5snp(
1P1)
A B C
1S0 5.599
∗ -6.33 1.07
1P1 3.49 -1.86 1.10
1D2 2.588
∗ -9.06 2.31
5IV. RESULTS
Because the numerator of δEvdW is proportional to the
fourth power of the dipole operator (∝ n8) and the energy
denominator scales as 1/n3 for large n, the C6 coefficient
is expected to scale as n11. Although this behavior is ex-
act for hydrogen, non-hydrogenic systems deviate from
this scaling law: the softer the atomic core the more de-
viation from the n11 scaling law there is. Here, we report
scaled C6 coefficients, i.e. C˜6 = C6/n
11 so that any resid-
ual n-dependence leftover in C˜6 is atom dependent. The
scaled C˜6 = C6/n
11 coefficients for the van der Waals
interaction between pairs of 5sns(1S0) and 5snp(
1P1,1x)
states are plotted as a function of n in the upper and
lower panels of Fig. 3.
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FIG. 3: (Color online) (Upper panel) Residual n-dependence
of the C6 coefficients (C˜6 = C6/n
11) for the 5sns(1S0) +
5sns(1S0) van der Waals interaction in Sr. The blue open dia-
monds are calculated using the model potential quoted in the
text. These match the data from Ref. [29] (red open circles)
in the high-n region. Replacing numerical energies from the
model potential in the energy denominator with experimental
energies results in solid black points. The positive C˜6 coef-
ficients imply attractive interaction. (Bottom panel) Similar
to the upper panel except for the 5snp(1P1,1x) + 5snp(
1P1,1x)
interaction. The blue open diamonds are evaluated using ma-
trix elements and energies obtained from the model potential
and solid black points using experimental energies in the en-
ergy denominator. The black star denotes the data point for
n = 18 outside the plot range. C˜6(n = 18) ' −37 a.u.
In the upper panel of Fig. 3, open blue diamonds show
the C˜6 coefficients calculated using Eq. (6) in which both
the energies in the denominator and the one-electron or-
bitals in the reduced matrix elements are calculated using
the model potential (9). The parameters in this model
potential are adjusted from those listed in Ref. [26] to
match the experimental energy denominators. This curve
matches the data reported in Ref. [29] well (open red cir-
cles) for all n quoted in [29]. However, around n ≈ 12,
the C˜6 coefficients become extremely large due to almost
vanishing energy denominator. Keeping in mind that the
energies used in generating this set of C˜6 were calculated
from the model potential (9), we find that the fitted po-
tential has the pathological behavior at these low-n such
that the energy denominator flips sign going from n = 12
to 11. This results in the unphysical resonance-like peak
at n = 12. A side effect of this is to overestimate the C˜6
coefficients around n . 20 due to the large contribution
from n = 12 intermediate state to the C˜6 coefficients of
the nearby states. On the other hand, replacing the nu-
merically calculated energies in the denominator of (6)
by experimental values [27, 28, 30] results in the solid
black points, which while matching the other two sets of
data well at high n, keeps monotonically decreasing for
n below 20 in accordance with the n11 scaling.
Unlike the 5sns(1S0) + 5sns(
1S0) interaction, numeri-
cally calculated values of C˜6 using the model potential (9)
between 5snp(1P1,1x) states do not display this patholog-
ical behavior at low-n (open blue diamonds in the lower
panel of Fig. 3). Replacing the numerically calculated
energies in the denominators of Eq. (7) with experimen-
tal ones listed in [27, 28, 30] changes the C˜6 coefficients
very little for n & 20 (solid black points).
We observe an unusual feature in the low-n region be-
low n = 20: the C˜6 coefficients display a non-monotonic
behavior. Unlike the unphysical peak at n = 12 in
the 1S0 +
1S0 interaction, which stems from inaccurate
representation of the soft-core potential at small dis-
tances, the non-monotonic features in the 1P1,1x +
1P1,1x
are etched in energy denominators derived from exper-
imental spectra. For example, in the interaction be-
tween two 5s18p(1P1,1x) states, the energy denominator
in Eq.(7) involving the 5s18p(1P1,1x), 5s16d(
1D2) and
5s18d(1D2) states becomes unusually small, which gives
the large peak at n = 18. The behavior of the energy
denominator in the nP + nP → n′D + n′′D channel
can be seen in Fig. 4. In order to emphasize its non-
monotonic nature, we have plotted the scaled energy
denominator 1/(n∗3∆E) rather than ∆E, where ∆E is
the energy difference 2EnP − (En′D + En′′D) and n∗ is
the effective principal quantum number. Notice that
the energy denominators associated with the channels
nP+nP → (n−1)D+(n−1)D and nP+nP → nD+nD
are well behaved throughout all n (open green diamonds
and open blue squares). This is to be expected from a
hydrogen-like spectrum where the nearest-neighbor en-
ergy spacing sales as 1/n3 for all n. On the other
hand, whereas 1/(n∗3∆E) is flat above n ∼ 20, it is far
from regular below n ∼ 20 in the channel nP + nP →
6nD+ (n−1)D. Particularly at n = 18, the energy differ-
ence 2EnP − (EnD +E(n−1)D) is unusually small result-
ing in the large peak. Besides being flat above n ∼ 20,
1/(n∗3∆E) is also much smaller than the values at the
peaks below n ∼ 20, which translates into large C˜6 coef-
ficients for the van der Waals interactions between 1P1,1x
states in the region n . 20. It is also worth noting here
that the open data points for C˜6 in Fig. 3 obtained us-
ing experimental energies represent an upper limit for
C˜6. This is because although the energy denominators
in Eq. (7) are experimental, the matrix elements in the
numerator do not include configuration interaction.
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FIG. 4: (Color online) The scaled energy denominator in the
second order perturbation theory expression for the C˜6 coeffi-
cients in the long range interaction between two 5snp(1P1,1x)
Sr atoms. ∆E scales as 1/n∗3 as expected for the nP +nP →
(n − 1)D + (n − 1)D and nP + nP → nD + nD interac-
tion channels over the entire n-range. For the nP + nP →
nD+(n−1)D channel, however, this scaling breaks down for
n . 20 and 1/(n∗3∆E) attain large values and changes sign.
This “resonance-like” structure is facilitated by an unusually
small ∆E around n ∼ 17 and is possible because of the highly
pertubed nature of the 5snd(1D2) series in Sr.
The deviation of the nearest-neighbor energy differ-
ences from the hydrogenic 1/n3 scaling is a consequence
of the series perturbation. The scaled energies of the nS,
nP and nD Rydberg series are displayed as an inset in
Fig. 4. Note that the energies of the 5sns(1S0) states al-
most perfectly scale as 1/n∗2 for all n, whereas 5snp(1P1)
and 5snd(1D2) states increasingly deviate from this scal-
ing. This is because the states with higher angular mo-
menta are more prone to being perturbed by other se-
ries. For a Rydberg series to be perturbed by another
state, the perturber state needs to be below the ionization
threshold for the Rydberg series in energy. Furthermore,
it needs to have the same J and the parity for the asso-
ciated Coulomb integral to be non-zero. Researching the
literature, we have found that the 5snd(1D2) series of Sr
is perturbed by the 4d2(1De2), 5p
2
3/2(
1De2) and 4d6s(
1De2)
states, all of which lie below the ionization threshold of
the 5snd(1De2) series at 45,932 cm
−1 [21]. Other can-
didates with higher angular momenta that could per-
turb the 5snd(1De2) series are 4dng(
1De2), however, we
could not find experimetal data to confirm that these
states actually lay below 45,932 cm−1. We find that
the 4d6s(1De2) state perturbs states with n = 11 − 17,
5p2(1De2) perturbs states with n = 5 − 6 and 4d2(1De2)
state perturbs the state with n = 12 in the 5snd(1De2)
series. A detailed analysis of the 5sns(1S0), 5snp(
1P1)
and 5snd(1D2) series and their perturbers is given in [21].
In contrast with the 5snp(1P1,1x) + 5snp(
1P1,1x) interac-
tion, we see no contribution from perturber states for the
5sns(1S0) + 5sns(
1S0) interaction at low-n due to lower
angular momentum of the perturber states in the 1S0
series [21].
Keeping in mind practical applications, we fitted the
C˜6 coefficients to the same functions as the C˜3 and C˜5 co-
efficients and the fits parameters are listed in Table II. It
is common practice is to fit these data to second or third
degree polynomials [29]. One problem with this choice
of fitting functions is that they can display wildly dif-
ferent behavior outside the fitted range of n and they
diverge as n → ∞. To evade this problem, we fit
our data to functions which approach a fixed value as
n → ∞. In particular, we choose (an + b)/(n + d) and
(an2 + bn + c)/(n2 + en + f) where a, b, c, d, e and
f are fitting parameters. In the high-n limit, both these
functions approach a. Notice that these are smooth func-
tions and cannot reproduce the non-monotonic behavior
seen in Fig. 3. Results of our least-squares fitting for
the C˜3 coefficients are tabulated in Table II. Parameters
in Table II indicate in the limit n → ∞ the van der
Waals interactions between pairs of 5sns(1S0) atoms is
roughly a factor of 3 stronger than those between pairs of
5snp(1P1,1x) atoms. On the other hand, it is clear from
Fig. 3 that picking n = 18 results in much stronger van
der Waals interactions between the 5snp(1P1,1x) states
than what would be expected from the fits quoted in Ta-
ble II.
V. ANGULAR DEPENDENCE
The dependence of the C˜6 coefficients for the
1P1,1x +
1P1,1x van der Waals interaction on the angle θ that the
magnetic field makes with the internuclear axis can be
expressed in term of the Legendre polynomials P0(cos θ),
P2(cos θ) and P4(cos θ). The angular part of the inter-
action energy δEvdW (A1) is contained in the square-
7TABLE II: Fit parameters for the scaled C˜6 for fits of the
form (an + b)/(n + d) and (an2 + bn + c)/(n2 + en + f) for
the 1S0 +
1S0 and
1P1 +
1P1 van der Waals interactions. The
χ2 parameter for the lower order fit is .0.05 and χ2 < 10−4
in the higher order fit. One needs to go to n = 200 for
the difference between the two fits for the C˜6 coefficients to
become ∼10%.
(an+ b)/(n+ d)
a b d
C˜6(
1S0 +
1S0) 27.268 -116.55641.926
C˜6(
1P1,1x +
1P1,1x) -11.036 112.5 97.176
(an2 + bn+ c)/(n2 + en+ f)
a b c e f
C˜6(
1S0 +
1S0) 22.821-473.0213136.018 6.791 -129.797
C˜6(
1P1,1x +
1P1,1x) -6.342 97.465 -390.02122.228 260.072
bracketed terms in Eq. (A4) and can be written as
fss(θ) =
1
45
+
2
63
P2(cos θ) +
2
35
P4(cos θ)
fdd(θ) =
271
4500
+
32
1575
P2(cos θ) +
1
1750
P4(cos θ)
fsd(θ) =
23
225
− 1
630
P2(cos θ) +
1
175
P4(cos θ) ,
for the three channels involved, where we have denoted
the angular part in Eq. (A4) with the function f (see
Eq. (A6) in the Appendix).
The contributions from these three channels to the an-
gular distribution of the coefficients |C˜6| for three n val-
ues are plotted in Fig. 5. The nP+nP → n′S+n′′S chan-
nel contribution is depicted by the blue dotted curves, the
nP + nP → n′D + n′′D channel by the red dashed and
the nP + nP → n′S + n′′D channel by the brown dot-
dashed curves. The total is plotted as the solid green
curve in each case. It is clear from Eqs. (10) and Fig. 5
that the nP +nP → n′S+n′′S channel is dominated by
P4(cos θ) whereas the nP + nP → n′D + n′′D channel
is dominated by P2(cos θ). All three channels contribute
comparably to the total C˜6 over the range of all angles
for n = 30 and 50 which are states in the unperturbed
part the Rydberg series with C˜6 behaving monotonically
in Fig. 3. For n = 18 however, the total C˜6 is entirely
determined by the nP +nP → n′D+n′′D channel. This
is because the resonance-like peak at n = 18 in the bot-
tom panel of Fig. 3 is due to the highly perturbed na-
ture of the 5snd(1D2) Rydberg series which result in an
unusually small energy denominator for n = 18 in the
nP +nP → n′D+n′′D channel. The results we quote in
the bottom panel of Fig. 3 and in Table II are for θ = pi/2
which corresponds to the middle peak in the solid green
curves in Fig. 5.
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FIG. 5: (Color online) Angular distributions of the |C˜6|
coefficients for the van der Waals interaction between two
5snp(1P1,1x) Sr atoms (solid green curves) for various n,
and the contributions to it from different intermediate chan-
nels: 5sns(1S0) + 5sn
′s(1S0) (blue dotted), 5snd(1D2) +
5sn′d(1D2) (dashed red), and 5sns(1S0)+5sn′d(1D2) (dotted
dash brown). Note that the 5sns(1S0)+5sn
′s(1S0) channel is
dominated by P4(cos θ) whereas the 5snd(
1D2) + 5sn
′d(1D2)
channel is dominated by P2(cos θ). It is clear from the top
panel that C˜6 is entirely determined by the P2(cos θ) charac-
ter of the 5snd(1D2) + 5s(n − 1)d(1D2) channel at n = 18,
where the 5snd(1D2) series is strongly perturbed.
VI. CONCLUSION
Motivated by the recent interest in using divalent Ry-
dberg atoms in quantum information processing we have
calculated the van der Waals coefficients for two interact-
ing Sr atoms in 5sns(1S0) and 5snp(
1P1) Rydberg states.
We then calculate the C6 coefficients for the van
der Waals interactions between two 5sns(1S0) and two
85snp(1P1,Mx=1) Sr atoms. We find that our results
are in good agreement with previously reported values
in Ref. [29], which tabulated these C6 coefficients for
n ≥ 30. We also find that for n < 20, the scaled C˜6 coef-
ficients describing the van der Waals interaction between
two 5snp(1P1) states show strong non-monotonic devia-
tions from the hydrogenic 1/n11 scaling due to the highly
perturbed nature of the 5snd(1D2) series as discussed in
Ref. [21], which results in small energy denominators in
the second-order expressions for the energy shifts. As a
results, the C˜6 coefficients display highly non-monotonic
behavior and change sign in the small n-region suggesting
that the interaction can be made attractive or repulsive
by choosing appropriate n. Particularly at n = 18, C˜6
is much larger than any other state in the entire n-range
we consider, which provides a possibility for engineering
strongly asymmetric long-range interactions by contrast-
ing it with the van der Waals interaction between two Sr
atoms in 5sns(1S0) states.
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Appendix A: Derivation of van der Waals expressions
Here we derivie an expression for the van der Waals interaction energy correction for a pair of atoms, δEvdW. The
sets of quantum numbers of the two atoms (I and II) in the LSJ coupling scheme will be denoted as γ1[L1S1J1]M1(I)
and γ′1[L
′
1S
′
1J
′
1]M ′1(II) , where the set of quantum numbers nl are denoted by γ. In particular we are interested in
the van der Waals interactions between (1) two 5sns(1S0) atoms with MB = M
′
B = 0, and (2) 5snp(
1P1,M ) and
5snp(1P1,M ′) atoms with MB = M
′
B = 1.
The second order energy shift is given by
δEvdW
(
γ1[L1S1J1]M1(I) γ
′
1[L
′
1S
′
1J
′
1]M ′1(II)
)
=
1
R6
×
∑
γ2,γ
′
2
J2, J
′
2
M2,M
′
2
∣∣∣〈γ1[L1S1J1]M1(I) γ′1[L′1S′1J ′1]M ′1(II) ∣∣∣VDD∣∣∣ γ2[L2S2J2]M2(I) γ′2[L′2S′2J ′2]M ′2(II)〉∣∣∣2(
Eγ1[L1S1J1] + Eγ′1[L′1S′1J′1]
)− (Eγ2[L2S2J2] + Eγ′2[L′2S′2J′2]) , (A1)
where VDD is the rotated dipole-dipole interaction and the summation is over the intermediate states∣∣γ2[L2S2J2]M2 ; γ′2[L′2S′2J ′2]M ′2〉. Because we are interested in the van der Waals interaction between atoms in identical
electronic configurations, we take n1 = n
′
1 ≡ nr and l1 = l′1 ≡ lr.
To express the two-electron reduced matrix elements in terms of one-electron orbitals, we first transform the matrix
element 〈1S0||D||1P1〉 from the LSJ to the LS coupling,
〈γ1[L1S1J1]||D||γ2[L2S2J2]〉 = (−1)L1+S2+J2+1
√
[J1][J2]
{
L1 J1 S2
J2 L2 1
}
〈γ1L1||D||γ2L2〉δS1,S2 . (A2)
In the independent-particle approximation, the two-electron matrix element can be expressed in terms of a reduced
matrix element involving only the single electron orbitals (see Ref. [31] for details). Since we are only interested in
the singlet states S1 = S2 = 0 and we obtain
〈5sn`(L1)||D||5sn′`′(L2)〉 =
√
[L1][L2](−1)`′+L1+1
{
1 L2 L1
0 ` `′
}
〈n`||d||n′`′〉 . (A3)
Here d is the one-particle dipole operator and D =
∑2
k=1 dk where the sum goes over the two atomic valence electrons.
We also assume that the overlap between the n` state of the Rydberg electron and the 5s state of the valence electron
is negligible, which allows us to drop a second term involving 〈5s||d||n′`′〉 on the right hand side of Eq. (A3). Since
Eq. (A3) now involves only the reduced matrix element for the Rydberg electron, we have removed the summation
9over the valence electrons and dropped the index of dk. Finally, we obtain
δEvdW
(
[L1S1J1]M1(I) [L
′
1S
′
1J
′
1]M ′1(II)
)
=
1
R6
∑
l2, l
′
2
J2, J
′
2[ ∑
M1,M
′
1
M2,M
′
2
σθ(J1, J
′
1, M1, M
′
1; J2, J
′
2, M2, M
′
2) σθ(J2, J
′
2, M2, M
′
2; J1, J
′
1, M1, M
′
1)
]
×
[
A(L1, S1, J1, `1; L2, S2, J2, `2)A(L
′
2, S
′
2, J
′
2, `
′
2; L
′
1, S
′
1, J
′
1, `
′
1)
]2
×
∑
n2,n′2
∣∣∣〈nrlr∣∣∣∣d∣∣∣∣n`2〉∣∣∣2 ∣∣∣〈nrlr∣∣∣∣d∣∣∣∣n′`′2〉∣∣∣2(
EL1S1J1 + EL′1S′1J′1
)− (EL2S2J2 + EL′2S′2J′2) .
(A4)
Here we have factored out the summation over the magnetic quantum numbers which depends on the rotation angle of
the quantization axis. The function σθ describes the rotation of the quantization axis with respect to the inter-atomic
axis, and the function A involves the factors from breaking up the two-electron reduced matrix elements into reduced
one-electron matrix elements in the LS coupling scheme. Explicitly, these functions are given by
σθ(J1, J
′
1, M1, M
′
1; J2, J
′
2, M2, M
′
2) =
∑
µ
w(1)µ (−1)M1+M
′
1 d
(1)
M1−M2,µ(θ) d
(1)
M ′2−M ′1,−µ(θ)
×
(
J1 1 J2
−M1 M1 −M2 M2
)(
J ′1 1 J
′
2
−M ′1 −(M ′2 −M ′1) M ′2
)
A(L1, S1, J1, l1; L2, S2, J2, l2) = (−1)L1+S2+J2+l2+J1
√
[J1][L1][J2][L2]
×
{
1 J2 J1
0 l1 l2
}{
L1 J1 S2
J2 L2 1
}
, (A5)
where [J ] = (2J + 1) and d
(1)
M,µ(θ) are Wigner functions. The angular dependence in Eq. (A4) can be expressed as
a linear combination of Legendre polynomials P0(cos θ), P2(cos θ) and P4(cos θ). Finally, the C6 coefficients can be
extracted from this expression according to δEvdW = −C6/R6.
For the vdW interaction between two atoms in the 5snp(1P1,1x) states, the general expression (A4) can be broken
into contributions from the three dominant channels: (1) nP +nP → n′S +n′′S, (2) nP +nP → n′D+n′′D and (3)
nP + nP → n′S + n′′D. Denoting the angular factors inside the closed brackets in Eq. (A4) with functions fss(θ),
fdd(θ) and fsd(θ), we can express (A4) as
δEvdW = − 1
R6
(
fss(θ)Sss + fdd(θ)Sdd + fsd(θ)Ssd
)
, (A6)
where the reduced sums Sss, Sss and Sss are defined in Eq. (8).
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